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LECTURE 10: CONFIDENCE
INTERVAL FORTHE
DIFFERENCE BETWEENTWO
POPULATION PROPORTIONS




CONFIDENCE INTERVALS FORTHE
DIFFERENCE BETWEENTWO
PROPORTIONS

Population proportions

Goal: Form a confidence interval for the difference
between two population proportions, , _,

Assumptions:

Both sample sizes are large (generally at least 40
observations in each sample)

The point estimate for - A
the difference is




CONFIDENCE INTERVALS FORTHE
DIFFERENCE BETWEENTWO
PROPORTIONS

Population proportions

 The random variable

(o) (rp)

\J n n,

Is approximately normally distributed




CONFIDENCE INTERVALS FORTHE
DIFFERENCE BETWEENTWO
PROPORTIONS

Population proportions

The confidence limits for
p-p, al€.




CONFIDENCE INTERVALS FORTHE
DIFFERENCE BETWEENTWO
PROPORTIONS: EXAMPLE

Form a 90% confidence interval for the
difference between the proportion of men
and the proportion of women who have
college degrees.

* In a random sample, 26 of 50 men and
28 of 40 women had an earned college
degree




CONFIDENCE INTERVALS FORTHE
DIFFERENCE BETWEENTWO
PROPORTIONS: EXAMPLE

26
Men: 1’5_', 2520.52 (Nﬂ

. 28
Women: p, = 20 0.70

N 5 (1— 7
Jp'(l A pz)z\/0.52(0.48) 0.7045(()).30):0.1012

+ +
50

n; n,

For 90% confidence,

Standard Normal Distribution Table



CONFIDENCE INTERVALS FORTHE
DIFFERENCE BETWEENTWO

PROPORTIONS: EXAMPLE
The confidence limits are:
A A Al 1_Al ﬁz l_ﬁZ > ;
(P.—Pz)izlgjp ( p.)+ ( ) e

=(.52-.70)£1.645(0.1012)

so the confidence interval is _
—0.3465< p,-p, <—-0.0135

Since this interval does not contain zero we are 90% confident that the
two proportions are not equal




EXERCISE 8.20

8.20 Inarandom sample of 120 large retailers, 85 used regres-

J sion as a method of forecasting. In an independent ran-
| dom sample of 163 small retailers, 78 used regression as a
method of forecasting. Find a 98% confidence interval for

the difference between the two population proportions.

Newbold et al (2013




EXERCISE 8.20: SOLUTION

EJ Answer:

Let

p1 = population proportion of large retailers using regression

P2 = population proportion of small retailers using regression

From the samples:

.85
P1= 790

R 78
= 07083, P2 = ﬁ

= 0.4785

The point estimate of the difference is:

p1 — p2 = 0.7083 — 0.4785 = 0.2298

Since both sample sizes are large, we use the normal approximation.

The standard error is:

P11 —p1) | D21 —p2)
-
S 120 * 163

7 291 4 5215
S \/0 083(0.2917) L0 785(0.5215)

~ 0.0571

120 163




EXERCISE 8.20: SOLUTION

I 1 Answer:
. . . . Standard Normal Distribution Table
For a 98% confidence interval, the critical value is: /

Zp99 = 2.326
The margin of error is:

ME = 2.326 x 0.0571 ~ 0.1328

98% Confidence Interval

(0.2298 — 0.1328, 0.2298 + 0.1328)

(0.097, 0.363)

Note: We are 98% confidente that the
proportion of large retailers using regression

exceeds that of small retailers by between
9.7% aand 36.3%.



LECTURE 10: CONFIDENCE
INTERVAL FORTHE RATIO OF
TWO POPULATION
VARIANCES




CONFIDENCE INTERVAL FOR
THE RATIO OF TWO
POPULATION VARIANCES

Let X171, X12,..., X1, and Xg;1, Xo9, ..., Xo,, be two independent random samples of sizes n; and no

, drawn from two normal populations with means g1 and po and standard deviations oy and o,
respectively.

The pivotal quantity is

S2 0.2 Note: The variable F has a
F = ~ Fh 1 ny—1- Snedecor’s F distribution with
SQ Jl ny — 1 and n, — 1 degrees of
freedom.

The confidence interval can be obtained as follows:

51 02
P(Fctﬂ:m—l, na— S Fl a/2;m—1, ne—1 | — 1-a
2
S? 1 0'2 S 1
— P(—IQ <= — <= =1-a.
52 Fl—o:_,f?;nl—l, na—1 SQ af2:n1—1, na—1

Here F /2. n, 1, n,—1 and
Fi_a/2:n,—1, n,—1 denote the quantiles with probabilities a/2and 1 — a/2, respectively, of the

Fy, 1, n,—1 distribution.

robabilidadesEstatistica .p
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CONFIDENCE INTERVAL FOR
THE RATIO OF TWO
POPULATION VARIANCES

With this notation, when the populations are normal, the 100(1 — )% confidence interval for

o}
)
05

is given by

(Sf 1 S? 1 )
522 Fl—ct/?:m—l, na—1 ’ *5‘22 Fa/2:n1—1, ny—1 -

Since

1

Fa/2;n1—1, ny—1 — E ’
1-a/2;n2—1, n1—1

the interval may equivalently be written as

(Sf 1 St

Fl—a,f?; na—1, nl—l) .

@2 ' Q2
52 Fl—afﬂ;nl—l., na—1 82
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EXERCISE 37 A)

37. To compare two teaching methods, a class of 22 students was randomly divided into two equal groups.

Each group was taught using a different method (Method 1 and Method 2) and, at the end of the course, all

students took the same assessment test. The test scores, on a scale from 0 to 100, were as follows:

¢ Method 1 (Group 1): £; = 74.8, s% = 81.5
e Method 2 (Group 2): 5 = 72.1, 3% = 110.5

Assume that the scores obtained in each group follow a normal distribution.

‘a) Construct a 95% confidence interval for the ratio of the variances of the two groups.

b) Taking into account the result from part (a), construct a 99% confidence interval for the difference

between the means. Interpret the result obtained.




EXERCISE 37A): SOLUTION

We are asked to construct a 95% confidence interval for the ratio of the population variances

I 1 Answer:

Given data

The class of 22 students was divided into two equal groups, so:
e Grouplin; =11, s =815
e Group2:mp =11, s3=110.5

Assume both populations are normally distributed.

Step 1: Sampling distribution

For normal populations, the pivotal quantity

2 2
_Sio
o 2 2

3201

F Note: The variable F has a

Snedecor’s F distribution with

follows a Snedecor F' distribution with 10 and 10 degrees of freedom.

(nl — l, o — 1) = (10, 10)

degrees of freedom.




EXERCISE 37A): SOLUTION

D Answer: Step 2: Confidence interval formula
2

o
A 100(1 — @)% confidence interval for — is
73

2 2

(3_1 L s 1 )
2 s 2 .
s5 F 1-a/2;10,10 53 Fa;'z; 10,10

For a 95% confidence level, & = 0.05.

Step 3: Numerical values

— = —— =0.737

From the F distribution with (10, 10) degrees of freedom:

| —a = 0.95 (confidence level), then N Fy_005/2 1010 = Fors 1000 ~ 3-72

F1—§; ny —1,m; =1 = Fog75,0,10 = 3.72 and - 1
Fa;ng —1,m; — 1 = Fogas;10,00 = 1/3.72=0.27 0.025; 10,10 ’“‘3 7 = 0.27
2 .
(see FTable)




EXERCISE 37A): SOLUTION

Foe75:10,10 = Fo.o2s;10,10° = 3.72 and
Fooasii0,10 = 1/ Fogzs:10,10 = 1/3.72 = 0.27

P(X> =&
Answer: l

M — praus de liberdade do numefador
€ 1 2 3 4 5 6 7 8 9 10 2 15 20 24 30 40 60 120 o
10 [ .100 320 292 273 261 252 246 241 238 235 232 /228 224 220 218 216 213 211 208 206
050 496 410 371 348 333 322 34 307 302 298 / 291 285 277 274 270 266 262 258 254
025 6.94 546 483 447 424 407 3.95 385 378 3P 362 3.52 342 337 331 326 320 314 308
010 | 1004 756 655 599 564 539 520 506 494 485 47 456 44l 433 425 417 408 400 391
11| .100 323 28 266 254 245 239 234 230 227 225 221 217 212 210 208 205 203 2.00 197
050 4.84 398 359 336 320 309 3.01 295 290 285 279 272 265 261 257 253 249 245 240
025 6.72 526 4.63 428 404 388 376 366 359 353 343 333 323 317 312 3.06 300 294 288
010 965 721 6.22 S67 532 507 48 474 463 454 440 425 410 402 394 38 378 369 360
12| .100 318 281 2.61 248 239 233 228 224 221 219 215 210 206 204 201 1.99 1.96 1.93 1.90
050 475 380 349 326 3.l 300 291 285 280 275 269 262 254 251 247 243 238 234 230
025 6.55 510 447 412 389 373 3.61 351 344 337 328 318 307 302 29 291 285 279 272
010 9.33 6.93 5.95 5.41 506 48 464 4350 439 430 416 4.0 38 378 370 362 354 345 336
13| .100 314 276 256 243 235 228 223 220 216 214 210 205 201 1.98 1.96 1.93 1.90 1.88 1.85
- 050 4.67 3.81 3.41 318 303 292 283 277 27l 267 260 253 246 242 23% 234 230 225 221
4 025 6.41 497 435 400 377 360 348 339 331 325 315 3.05 205 280 28 278 272 266 260
g 010 9.07 670 574 521 486 462 444 430 419 410 39 382 366 359 351 343 334 325 317
EHETY IR 310 273 252 239 231 224 219 215 212 210 205 201 196 1.94 191 1.89 1.86 1.83 1.80
3 050 460 374 334 311 296 28 276 270 265 260 253 246 239 235 231 227 222 218 213
s 025 630 48 424 380 366 350 338 329 321 315 305 2095 284 279 273 267 26l 255 249
2 010 8.86 6.51 556 504 469 446 428 414 403 394 380 366 351 343 335 327 318 309 300
-lir‘_ ls _IM 30? 2?0 249 236 22? 22] M 1L 1 T RIS iRl 107 10% 1 an 1 o7 1oL 1 o3 170 1T
2 050 | 454 368 329 306 290 279 :
= 03 : g -2 . - . Note on F' quantiles:
3 025 620 477 415 380 358 341 9
P 010 8.68 636 542 480 456 432
5 . —_
iy e T e B Py ey YT F,_, denotes the quantile of the F distribution with 1 — « probability on the left, which
! 050 4.49 3.63 324 301 285 274 b bai
= 03 P Ty 10s e Te0 543 corresponds to a right-tail area of a.
010 8.53 6.23 529 477 444 420 . . . .
s F denotes the same quantile, but with the area a on the right (as usually found in tables).
17| .100 303 264 244 231 222 215
050 445 359 320 296 23l 270 e Without the asterisk, F, refers to the left-tail area; with the asterisk, F; refers to the right-tail area,
025 6.04 462 401 366 344 328
010 840 611 519 467 434 410 matching the conventions used in most F distribution tables.
18| .100 3.01 262 242 D B T B B e s p————— oy 1os  1e1 1o vz 10w 100
050 441 355 316 293 277 266 258 251 246 241 234 227 219 215 211 206 202 197 192

301 293 287 277 267 256 2.50 244 238
3.71 3.60 3.51 337 323 3.08 3.00 292 284

202 1.98 1.96 1.91 1.86 181 1.79 1.76 1.73
248 242 238 231 223 216 211 207 203

296 288 282 272 2.62 251 245 239 233
363 3.52 343 330 315 i : 284 276




EXERCISE 37A): SOLUTION

I 1 Answer:

Step 4: Confidence interval ‘

Lower bound = 0.737/3.72 =0.198

Upper bound = 0.737/0.27 = 2.73
L4

Final Answer

A 95% confidence interval for the ratio of the population variances

1S
Note: The interval contains the value I, so
there is no evidence of a difference
between the population variances at the
5% significance level.




EXERCISE 36 C)

An agricultural company operates two identical tractors. The fuel consumption per hour of operation for
each tractor is a random variable with a normal distribution and unknown parameters. For the purpose of

monitoring fuel consumption, the following random samples were obtained for the two tractors:

e Tractor1: 9.0, 9.5, 9.8, 9.4, 10.0, 10.2, 9.6, 9.7, 9.5
e Tractor 2:10.0, 9.6, 9.9, 9.7, 101

Determine a 90% confidence interval for the ratio of the variances of the fuel consumption of the two

tractors.
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EXERCISE 36 C): SOLUTION

We are asked to construct a 90% confidence interval for the ratio of the population variances
EJ Answer: ’ il

2 .
91 Step 1: Sample sizes
27
72 e Tractor 1:
assuming normal distributions with unknown parameters. ny=9
T e Tractor 2:

TLQ:E)

Step 2: Sample means and variances
Tractor 2 data

10.0, 9.6, 9.9, 9.7, 10.1

Tractor 1 data

9.0, 9.5, 9.8, 9.4, 10.0, 10.2, 9.6, 9.7, 9.5
Sample mean:
Sample mean:
T2 = 9.860
z1 = 9.633
Sample variance:
Sample variance:

53 = 0.043




EXERCISE 36 C): SOLUTION

Step 3: Pivotal quantity

For normal populations, the pivotal quantity

I ‘ Answer: p_Sio

S3 o3
follows an I distribution with:
(nl —1, ny — 1) = (8, 4)

degrees of freedom.

Step 5: Numerical values

Step 4: Confidence interval formula
2

Ratio of sample variances:

o
A 100(1 — a)% confidence interval for J—é is: 52 0145 .
: s3  0.043
(3% 1 s2 1 )
3% Fl—a;'zgg.;l’ 33 F.jo.84 i From the F' distribution:

Fi_ /2,84 = Fogs84 ~ 6.04

Here, a = 0.10. | —a =0.90 (confidence level), then
]

Fl_g; nl - 1; le —1= F0.95'84 = 6.04 and 1
2 - Foo.84 = Foos.84 ~

Fg; nl - 1, nz - 1 — F0.05;8,4 = I/ F0.95;4,8 = |/3.84 = 0.26
2

(see FTable)




EXERCISE 36 C): SOLUTION

Foos84° = 6.04 and
= 1/ Fyps.48" = 1/13.84=0.26

Foossgs =
- *
l:"0.05;8,4 = F0.95;8,4

m.n.£ ( > m.n .‘,)
o

- graus de liberdade 44 m.y‘eradur
& 1 2 3 4 5 6 7 8 9 w/ /1 15 20 24 30 40 60 120 ©
J00 | 3986 4950 5359 5583 5724 5820 S891 5944 5986 60.71 6122 6174 6200 6226 6253 6279  63.06 6333
050 | 16145 19950 21571 22458 230.16 23399 23677 23888 24054 24390 24595 24802 249.05 250.10 251.14 25220 25325 25432
025 | 64779 79948 86415 899.60 921.83 937.11 94820 956.64 96328 976.72 984.87 99308 99727 100140 100560 1009.79 1014.04 1018.26
010 | 405218 499934 540353 562426 576396 585895 592833 598095 602240 610668 615697 6208.66 623427 626035 628643 631297 633951 636550
100 8.53 9.00 9.16 9.24 9.29 933 935 9.37 938 939 941 942 9.44 945 9.46 9.47 947 948 9.49
050 | 1851 1900 1906 1925 1930 1933 1935 1937 1938/ 1940 1941 1943 1945 1945 1946 1947 1948 1949 1950
025 | 3851 3900 3907 3925 3930 3933 3936 3937 393 3940 3941 3943 3945 3946 3946 3947 3948 3949 3950
010 | 9850 99.00  99.16 9925 9930 9933 9936 9938 99 9940 9942 9943 9945 9946 9947 9948 9948 9949 9950
100 5.54 5.46 5.39 5.34 531 528 527 525 523 522 5.20 518 5.18 5.17 5.16 5.15 5.14 5.13
050 | 1013 9.55 928 9.12 9.01 8.94 8.89 8.85 8.79 8.74 8.70 8.66 8.64 8.62 8.59 8.57 8.55 8.53
025 | 1744 1604 1544 1510 1488 1473 1462 1454 1442 1434 1425 1417 1412 1408 1404 1399 1395 1390
_ 010 | 3412 3082 2946 2871 2824 2791 2767 274 2723 2705 2687 2669 2660 2650 2641 2632 2622 26.13
3 100 454 432 419 411 4.05 401 398 / 392 3.90 3.87 384 383 3.82 3.80 379 378 3.76
= 050 771 6.94 6.59 6.39 6.26 6.16 6.09 6.04 596 591 5.86 5.80 577 575 572 5.69 5.66 5.63
g 025 | 1222 1065 998 9.60 936 920 9.07 898 884 875 8.66 .56 851 846 841 836 831 826
5 010 | 2120 1800 1669 1598 1552 1521 1498/ 1480 1466 1455 1437 1420 1402 1393 1384 1375 1365 1356 1346
3 100 406 378 362 3.52 345 340 3 334 332 330 327 324 321 3.19 317 316 314 3.12 311
4 050 6.61 579 541 5.19 5.05 495 88 482 477 474 468 462 456 453 450 446 443 440 437
2 025 | 1001 8.43 776 7.39 7.15 6.98 6.85 6.76 6.68 6.62 6.52 6.43 6.33 6.28 6.23 6.18 6.12 6.07 6.02
2 010 | 1626 1327 1206 1139 1097 1067 /1046 1029  10.16  10.05 9.89 9.72 955 947 9.38 9.29 920 9.11 9.02
3 100 378 3.46 329 3.18 3.11 30 3.01 2.98 2.96 294 2.90 2.87 2.84 282 2.80 278 276 274 2.72
z 050 5.99 5.14 476 453 439 4, 421 415 4.10 406 400 3.94 387 384 3.81 377 374 3.70 3.67
E 025 8.81 726 6.60 6.23 5.99 82 5.70 5.60 5.52 5.46 537 527 5.17 5.2 5.07 5.01 496 490 485
] 010 | 1375 1092 978 9.15 875 847 826 810 7.98 787 772 7.56 7.40 731 723 7.14 7.06 6.97 6.88
=
100 3.59 3.26 3.07 296 283 278 275 272 2.70 267 2.63 2.59 258 2.56 2.54 251 249 247
050 559 474 433 412 387 3.79 373 368 364 357 351 344 341 338 334 330 327 323
025 8.07 6.54 589 552 512 499 4an 48?7 4Th 4 RT 4587 447 441 4 3A 4131 475 420 414
5 5 5 .
010 1225 933 84 78 Note on F' quantiles:
100 3.46 3.11 292 281
'gig ;i% g'g: ‘;'gg i'g‘: e F,_, denotes the quantile of the F distribution with 1 — « probability on the left, which
Q10 1 1126 863 75 7o corresponds to a right-tail area of a.
100 3.36 3.01 281 2.69 X ) )
5.12 426 3.86 3.63 F? denotes the same quantile, but with the area o on the right (as usually found in tables).
721 571 508 472
10.56 8.02 6.99 6.42 Without the asterisk, F, refers to the left-tail area; with the asterisk, F; refers to the right-tail area,

matching the conventions used in most F' distribution tables.



EXERCISE 36 C): SOLUTION

I Answer:

Previously computed:

s
— = 3.37
Sy
The 90% confidence interval is:
3.37 3.37
—, —— |} = (0.56, 12.
(6.(]4’ {].26) (0 56 96)

L] Final Answer
A 90% confidence interval for the ratio of the population variances

Note: With 90% confidence, the variance of o2
hourly fuel consumption for Tractor | may be 2
between 0.56 and 12.96 times the variance

of Tractor 2.

Since the interval includes [, there is no
evidence of a significant difference in
variances at the 10% significance level.




LECTURE 10 HOMEWORK:
QUESTIONS AND SOLUTIONS




EXERCISE 8.24

8.24 Supermarket shoppers were observed and ques-
| tioned immediately after putting an item in their cart.
| Of a random sample of 510 choosing a product at the
regular price, 320 claimed to check the price before
putting the item in their cart. Of an independent ran-
dom sample of 332 choosing a product at a special
price, 200 made this claim. Find a 90% confidence in-
terval for the difference between the two population
proportions.




EXERCISE 8.24: SOLUTION

I l Answer:

We are asked to construct a 90% confidence interval for the difference between two population

proportions:
P1—P2

where:

e Regular price group: n; = 510, z; = 320 = p; = % = 0.6275

e Special price group: n2 = 332, z2 = 200 = p2 = % = 0.6024

Step 1: Difference in sample proportions

p1 — p2 = 0.6275 — 0.6024 = 0.0251




Note: Since the interval includes 0, there is no

significant difference at the 10% significance = Step 5: Confidence interval
level between the proportions of shoppers

who check the price for regular versus special P1— P2 = ME = 0.0251 £ 0.0565

price items.

EXERCISE 8.24: SOLUTION

Step 2: Standard error

For independent samples:

T 1
SE — \/Pl( Pl) +16'2( Pz)
Answer: ! n2

.6275(1 — 0.6275 .6024(1 — 0.6024
SE:\/OG 5(1—0.6 70)+06{] (1 —0.6024)
510 332

2342 0.2
SE = \/ 05130 + 0 3;? o _ v/0.000459 + 0.000722 = +/0.001181 = 0.03437

Step 3: Critical value

For a 90% confidence level, zg 95 = 1.645.

Step 4: Margin of error

ME = 1.645 x 0.03437 ~ 0.0565

CI = (—0.0314,0.0816)




LECTURE I I:ESTIMATION
METHODS - METHOD OF
MOMENTS




ESTIMATION METHODS

Among the most commonly used point estimation methods, the following stand out:

Method of Moments {- the estimators are obtained by replacing the population moments in the

corresponding expressions with the sample moments. Under very general conditions (Murteira et al.,
2007), the resulting estimators are consistent and have a Normal distribution when the sample size is
large.

Least Squares Method — this method Is usually applied in the context of linear regression.

Maximum Likelihood Method t this is probably the most important estimation method. In general,

maximum likelihood estimators possess the desirable properties of a good estimator: they are efficient

and consistent. Although they are usually not unbiased, they are asymptotically unbiased. Moreover,

they have an asymptotic Normal distribution :

ProbabilidadesEstatistica2019.pdf
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METHOD OF MOMENTS

This estimation method is one of the simplest and oldest approaches for obtaining estimators of one or

more parameters of a distribution. The basic idea is to use the sample moments to estimate the
corresponding population moments and, from these, to estimate the parameters of interest (Murteira et al,
2007).

Let X1, X, ..., X,, be arandom sample from a given population with probability (density) function
f(x;01,02,...,6;), which depends on k parameters.
Assuming that the ordinary population moments ;. of the random variable X exist, these moments are

functions of the k parameters and are given by

Z x" f(z;61,02,...,0k), for discrete distributions,

pr=E(X") =< T
/ x" f(z;601,02,...,0r)dz, for continuous distributions.

The corresponding sample moments are given by

1 n
m,=— Y X/.
r ﬂ; i
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METHOD OF MOMENTS

The method of moments consists of assuming that the estimators of the ordinary moments are given by the

corresponding sample moments, that is,

ProbabilidadesEstatistica2019.pdf

Note on the method of moments:

* When we need to estimate only one parameter, we equate the first
population moment to the first sample moment.

* When we need to estimate two parameters, we require two equations: we
set the first population moment equal to the first sample moment and
the second population moment equal to the second sample moment.

* In general, to estimate k parameters, we equate the first k population

moments to the first k sample moments, successively.

il
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METHOD OF MOMENTS:
EXAMPLE |

Let Xy, X5, ..., X, be arandom sample from an Exponential distribution, X ~ Exp(\). Estimate the

parameter A using the method of moments.

Let X1, X5, ..., X,, be arandom sample from an Exponential distribution with parameter A:
flz;A) = Xe ™, z>0.

1. Population moment

The first population moment (mean) of X is:

1
p = E[X] = %

2. Sample moment

The first sample moment is the sample mean:




METHOD OF MOMENTS:
EXAMPLE |

3. Method of moments estimator
Set the population moment equal to the sample moment:

1 _
H1 = my = X:X

Solve for A:

(2 Interpretation: The method of moments estimator of A is the reciprocal of the sample mean.

The method of moments estimator of the parameter A of the exponential distribution is

o 1

and the corresponding estimate from a sample is




METHOD OF MOMENTS:
EXAMPLE 2

Let X1, Xo, ..., X, be a random sample from a Normal distribution, X ~ N (u, o?). Estimate the
parameters @ and o using the method of moments.

ote: The

rrected variance

esn — 1in the
enominator, while

the uncorrected

variance uses n.

In general, we usually

use the corrected

variance.

3. Equate population and sample moments - -

pr=my = p=2X.

Let X1, Xo,..., X,, be arandom sample from a Normal distribution:

X ~ N(p,0%).

We want to estimate the parameters i and o using the method of moments.

Hy = moy = 5’2+ﬁ2:m2 = &2:m2—X2.

[0 Method of moments estimators:

A = 2 =9 “‘EZ’“
. 1 —2

n n
2 2 0'2 = 12){2 — X
Interpretation: oTHUT =2 ) N n !

The mean is estimated by the sample mean,

e The variance is estimated by the second sample moment minus the square of the sample mean.



LECTURE I I:ESTIMATION
METHODS - MAXIMUM
LIKELIHOOD METHOD




MAXIMUM LIKELIHOOD
METHOD (MLM)

This method can only be applied if the population distribution is known.

Definition: Let X, X5, ..., X,, be a random sample from a given population with probability (density)

function
f(m;elat???* . ?gk) - f(a:,@)

Then the joint probability (density) function of the sample variables is given by:

n

flxy, 2. 203 0) = £(2130) f(22;0) ... f(z030) = [ [ £(2:;0).

i=1

For a given sample, the function of @ is called the likelihood function:

f,(ﬂ) = ’C(Qﬂ L1, L2y, ﬂ?n) = H f(mh 9)
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MAXIMUM LIKELIHOOD
METHOD (MLM)

The maximum likelihood method consists of finding the estimator @ that maximizes the value of the

likelihood function for a given sample; that is, the value of # that makes the observed sample most probable,

i.e., most likely.

Frequently, the maximum likelihood estimator can be found by derivation, following these steps:

1. Determine the likelihood function £(8).
2. If necessary, apply the logarithmic transformation to the likelihood function, In(£(8)). This

transformation often simplifies the maximization problem.

» 3. Find the points where the first derivative of the function £(8), or In(L(8)), with respect to each 6;
vanishes (first-order condition):

oLO) _ dIn(L(B))
a0, = 00;

» 4. Verify that the second derivative of the function £(8), or In(£(8)), with respect to 6; is negative
(second-order condition):

0.

326(9) len(ﬁ(é)))
7393 <0 or 7393



file:///C:/Users/elisa/OneDrive/Ambiente%20de%20Trabalho/ISEG_2023-24/EstatÃ­stica2_LG_ISEG_2023-24/Apoio_Est2_LG_2023-24/ProbabilidadesEstatistica2019.pdf
file:///C:/Users/elisa/OneDrive/Ambiente%20de%20Trabalho/ISEG_2023-24/EstatÃ­stica2_LG_ISEG_2023-24/Apoio_Est2_LG_2023-24/ProbabilidadesEstatistica2019.pdf
file:///C:/Users/elisa/OneDrive/Ambiente%20de%20Trabalho/ISEG_2023-24/EstatÃ­stica2_LG_ISEG_2023-24/Apoio_Est2_LG_2023-24/ProbabilidadesEstatistica2019.pdf

MAXIMUM LIKELIHOOD
METHOD: EXAMPLE |

Consider the random Step 0: Problem

variable X ~ Poisson(ﬂ) and We have X ~ Poisson()) and a sample:

the sample (0,0, 2,5, 3, I).. ‘ 0,0,2,5,3,1
Determine a maximum
likelihood estimate of A.

We want the MLE of .

Step 1: Likelihood function

The Poisson pmf is:

The likelihood function for the sample is:

6

A:rie—/\ AE mie—ﬁ)\




MAXIMUM LIKELIHOOD
METHOD: EXAMPLE |

Consider the random Step 2: Log-likelihood

variable X ~ POI.SSOH(A) and Take the natural logarithm:

the sample (0,0, 2,5, 3, I). ‘ 6 6
Determine a maximum (A)=WL(A) =) a;InA—6A— In(z!)
likelihood estimate of . = -

() = () zi)Inx—6Xx— ) In(z;!)

Compute Y ;:

0+0+2+5+3+1=11

((A) =11InXA—6A — > In(z;!)




MAXIMUM LIKELIHOOD
METHOD: EXAMPLE |

Step 3: First derivative

Consider the random Differentiate with respect to A:

variable X ~ Poisson(A) and & 11
the sample (0,0, 2,5, 3, I). ‘ FT W
Determine a maximum Set derivative to zero:

likelihood estimate of A.

Ly =u" =y =nu" ;

2.y = ¢ =y = 0, onde k é uma constante real;

sy=w =y =uv+rvu

u ., uv—vu Step 4: Second derivative
4.Y = ; =Yy = o2
5y =a’ =1y =a*(lna)v,(a > 0,a #1) da’¢ 11 0
6.y =¢e* =y = e d\2 __ﬁ<

un’
_ I . . .
7y=logu=y = loge e Negative confirms maximum.

1
By=Ihu=y =—2v
u

o.y=u’ =y =vu’ v + u(lnu)v

10.y =sinu =y =o' cosu

L. Answer

1y =cosu=vy = —u'sinu

12.y = tanu = y' = u'sec? u, desde que = # (2n + l)g,n € Z; )‘\ _ 11/6 ~ 1.833

13.y = cotu = 3 = —u' csc? u, desde que = # nw,n € Z;



MAXIMUM LIKELIHOOD
METHOD: EXAMPLE 2

Step 0: Problem

Consider the random
variable X ~ Exp(}) and

the sample (1.2,0.5, 3). ‘ 1.2,0.5,3

Determine a maximum We want the maximum likelihood estimate (MLE) of A.
likelihood estimate of A.

We have X ~ Exponential()\) and a sample:

Step 1: Likelihood function

The pdf of the exponential distribution is:
Fl@A)=xe ™, x>0

For the sample, the likelihood function is:

3
L(A) = [[re ™ = At
i=1

Zmé:1.2+0.5+3:4.7

L(A) = X3 %




MAXIMUM LIKELIHOOD
METHOD: EXAMPLE 2

Step 2: Log-likelihood
Consider the random ¢(A) =InL(A) = 3In A — 4.7A I
variable X ~ Exp(}) and

the sample (1.2, 0.5, 3). ‘
Determine 2 maximum Step 3: First derivative

likelihood estimate of A. @ _3 4.

Set derivative equal to zero:

3 . 3
——47=0 = A= — ~0.638
A 4.7

Step 4: Second derivative

e Negative confirms maximum.




MAXIMUM LIKELIHOOD
METHOD: EXAMPLE 2

Consider the random
variable X ~ Exp(}) and 4 Answer

the sample (1.2,0.5, 3). ‘ A ~ 0.638

Determine a maximum
likelihood estimate of A.

Shortcut: For an exponential distribution, the MLE of A is always:

-1 1 3
A= %= 1775~ a7 ~ 0038

Note:

In this case, the maximum likelihood estimator (MLE) of A for the exponential distribution is equal to the

method of moments estimator:

. . 1
A I prm A my = —
MLE MM X

However, this coincidence does not always occur for other distributions or parameters — in general, the

MLE and the method of moments estimator can be different.




INVARIANCE PROPERTY OF
MAXIMUM LIKELIHOOD ESTIMATORS

The invariance property states that if 6 is the maximum likelihood estimator (MLE) of a parameter 6, then

the MLE of any function of that parameter, g(8), is simply the same function applied to the MLE of 6.

In other words, if

is the MLE of 8, then

is the MLE of g(6).

§isMLEof 6  mmp  g(6)is MLE of g(6)

If @ is the MLE of f, and we want to estimate #2, then the MLE of 62 is
éQ

This property simplifies estimation because we do not need to derive a new likelihood function for

transformations of the parameter.
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INVARIANCE PROPERTY OF MAXIMUM
LIKELIHOOD ESTIMATORS: EXAMPLES

Example 1: Exponential distribution

e Let X1,...,X, ~ Exponential(}\).
e TheMLEof Ais A = 1/X.

Now suppose we want the MLE of the mean of the distribution, which is . = 1/

e By invariance:

1 _
1= - =X.
: A

[ The MLE of the mean is simply the sample mean.

Example 2: Normal distribution

. LetXl,...,X.an(p,Jz).

e TheMLEof pis i = X.

e TheMLEofo?is6? = L Y (X; — X)~

Now suppose we want the MLE of the standard deviation, o = /o2

e By invariance:

&:@:\/%Z(Xé—}?)?

[ The MLE of the standard deviation is the square root of the MLE of the variance.
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COMPARISON BETWEENTHE
METHOD OF MOMENTS AND
MAXIMUM LIKELIHOOD ESTIMATORS

Method

Method of Moments
(MM)

Maximum Likelihood
Method (MLM)

Basic idea

Equate sample moments
with population moments

Maximize the likelihood
function

Computation

Usually simpler

Often more complex

Statistical properties

May not always be efficient

Often efficient and
consistent

Use in practice

Useful for quick estimation

Very widely used in statistics

Invariance property

Does not generally satisfy
invariance

Satisfies the invariance
property




LECTURE || HOMEWORK:
QUESTIONS




EXERCISE | A), B) AND C)

Let X be a random variable with probability function

fz)0)=001-6° £=01,23,..., 0<0<1.

It is known that E(X) = %’. From a random sample of size n = 1000, the following value was observed:
1000
3 X = 980.
i=1

a) Obtain an estimate of # using the method of moments.
b) Determine the maximum likelihood estimator of 8.

c) Compute, with justification, the maximum likelihood estimate of the population mean.

!

d) Reparametrize the distribution in terms of . = E(X), and use the new probability function to estimate

the population mean.



EXERCISE 5

Consider a random sample of size n drawn from a population with probability density function

flz|68) = (-6 <z <8), forf>0.

%a

Compute an estimator for # using the method of moments.




EXERCISE |I:MLM

Let X3, ..., X;,be a random sample from a Normal
distribution with parameters ¢ and o. Estimate the
parameters using the maximum likelihood method.
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