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LECTURE 10: CONFIDENCE 
INTERVAL FOR THE 
DIFFERENCE BETWEEN TWO 
POPULATION PROPORTIONS 
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CONFIDENCE INTERVALS FOR THE 
DIFFERENCE BETWEEN TWO 
PROPORTIONS: EXAMPLE



CONFIDENCE INTERVALS FOR THE 
DIFFERENCE BETWEEN TWO 
PROPORTIONS: EXAMPLE

1 – α = 0.9 => α = 0.1 => 1 - α /2 = 0.95 => z0.95 = 1.645

Standard Normal Distribution Table



CONFIDENCE INTERVALS FOR THE 
DIFFERENCE BETWEEN TWO 
PROPORTIONS: EXAMPLE

p1 – p2

CI90% (p1 - p2) = (-0.3465, -0.0135)
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𝛼
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EXERCISE 8.20 

Newbold et al (2013)



EXERCISE 8.20:  SOLUTION

 Answer:

𝐶𝐼 1−𝛼 (p1 
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EXERCISE 8.20:  SOLUTION

 Answer:

1 – α = 0.98 => α = 0.02 => 1 - α /2 = 0.98 => z0.99 = 2.326

𝑀𝐸 = 𝑧
1−

𝛼
2
×

Ƹ𝑝1(1 − Ƹ𝑝1)

𝑛1
+

Ƹ𝑝2(1 − Ƹ𝑝2)

𝑛2

Standard Normal Distribution Table

CI98% (p1 - p2) = (0.097, 0.363)
Note: We are 98% confidente that the

proportion of large retailers using regression

exceeds that of small retailers by between

9.7% aand 36.3%.



LECTURE 10: CONFIDENCE 
INTERVAL FOR THE RATIO OF 
TWO POPULATION 
VARIANCES



CONFIDENCE INTERVAL FOR 
THE RATIO OF TWO 
POPULATION VARIANCES

ProbabilidadesEstatistica2019.pdf

Note:  The variable 𝐹 has a 

Snedecor’s F distribution with

𝑛1 − 1 and 𝑛2 − 1 degrees of

freedom.
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CONFIDENCE INTERVAL FOR 
THE RATIO OF TWO 
POPULATION VARIANCES

ProbabilidadesEstatistica2019.pdf
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EXERCISE 37 A)

Murteira et al (2015), Chapter 7



EXERCISE 37 A):  SOLUTION

 Answer:

Note:  The variable 𝐹 has a 

Snedecor’s F distribution with

10 and 10 degrees of freedom.



EXERCISE 37 A):  SOLUTION

 Answer:

1 – α = 0.95 (confidence level), then 

𝐹
1−

𝛼

2
; 𝑛1− 1, 𝑛2− 1 = F0.975;10,10 = 3.72 and 

𝐹𝛼

2
; 𝑛1− 1, 𝑛2− 1 = F0.025;10,10 = 1/3.72 = 0.27 

(see F Table)
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EXERCISE 37 A):  SOLUTION

 Answer:

F0.975;10,10 = F0.025;10,10* = 3.72 and 

F0.025;10,10 = 1/ F0.975;10,10 = 1/3.72 = 0.27 



EXERCISE 37 A):  SOLUTION

 Answer:

CI95% (σ1
2 / σ2

2) = (0.198, 2.73)
Note: The interval contains the value 1, so 

there is no evidence of a difference 

between the population variances at the 

5% significance level.

0.737/3.72 = 0.198

0.737/0.27 = 2.73



EXERCISE 36 C)

ProbabilidadesEstatistica2019.pdf

Murteira et al (2015), Chapter 7
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EXERCISE 36 C):  SOLUTION

 Answer:



EXERCISE 36 C):  SOLUTION

 Answer:

1 – α = 0.90 (confidence level), then 

𝐹
1−

𝛼

2
; 𝑛1− 1, 𝑛2− 1 = F0.95;8,4 = 6.04 and 

𝐹𝛼

2
; 𝑛1− 1, 𝑛2− 1 = F0.05;8,4 = 1/ F0.95;4,8 = 1/3.84 = 0.26

(see F Table)



EXERCISE 36 C):  SOLUTION

 Answer:

F0.95;8,4 = F0.05;8,4* = 6.04 and 

F0.05;8,4 = F0.95;8,4* = 1/ F0.05;4,8* = 1/3.84 = 0.26



EXERCISE 36 C):  SOLUTION

 Answer:

Note: With 90% confidence, the variance of 

hourly fuel consumption for Tractor 1 may be 

between 0.56 and 12.96 times the variance 

of Tractor 2.

Since the interval includes 1, there is no 

evidence of a significant difference in 

variances at the 10% significance level.
CI95% (σ1

2 / σ2
2) = (0.56, 12.96)



LECTURE 10 HOMEWORK: 
QUESTIONS AND SOLUTIONS



EXERCISE 8.24 

Newbold et al (2013)



EXERCISE 8.24:  SOLUTION

 Answer:

𝐶𝐼 1−𝛼 (p1 
− p2) = ො𝑝1 − ො𝑝2 −𝑧
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EXERCISE 8.24:  SOLUTION

 Answer:

Note: Since the interval includes 0, there is no 

significant difference at the 10% significance 

level between the proportions of shoppers 

who check the price for regular versus special 

price items.

CI90% (p1 - p2) = (-0.0314 0.082)



LECTURE 11: ESTIMATION
METHODS - METHOD OF
MOMENTS



ESTIMATION METHODS

ProbabilidadesEstatistica2019.pdf
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METHOD OF MOMENTS

Ordinary

Population

Moments

Sample 

Moments

ProbabilidadesEstatistica2019.pdf
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METHOD OF MOMENTS

ProbabilidadesEstatistica2019.pdf

Note on the method of moments:

• When we need to estimate only one parameter, we equate the first 

population moment to the first sample moment.

• When we need to estimate two parameters, we require two equations: we 

set the first population moment equal to the first sample moment and 

the second population moment equal to the second sample moment.

• In general, to estimate 𝑘 parameters, we equate the first 𝑘 population 

moments to the first 𝑘 sample moments, successively. 
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METHOD OF MOMENTS: 
EXAMPLE 1



METHOD OF MOMENTS: 
EXAMPLE 1

Estimator

Estimate



Uncorrected

variance (s2)

Corrected

variance (s2´)

Note: The 

corrected variance 

uses 𝑛 − 1 in the 

denominator, while 

the uncorrected 

variance uses 𝑛.

In general, we usually 

use the corrected 

variance.

METHOD OF MOMENTS: 
EXAMPLE 2

Estimators



LECTURE 11: ESTIMATION 
METHODS – MAXIMUM 
LIKELIHOOD METHOD 



MAXIMUM LIKELIHOOD 
METHOD (MLM)

ProbabilidadesEstatistica2019.pdf
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MAXIMUM LIKELIHOOD 
METHOD (MLM)

ProbabilidadesEstatistica2019.pdf
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MAXIMUM LIKELIHOOD
METHOD: EXAMPLE 1

Consider the random

variable 𝑋 ∼ Poisson 𝜆 and 

the sample (0, 0, 2, 5, 3, 1). . 

Determine a maximum

likelihood estimate of 𝜆.



MAXIMUM LIKELIHOOD
METHOD: EXAMPLE 1

Consider the random

variable 𝑋 ∼ Poisson 𝜆 and 

the sample (0, 0, 2, 5, 3, 1). 

Determine a maximum

likelihood estimate of 𝜆.



MAXIMUM LIKELIHOOD
METHOD: EXAMPLE 1

Consider the random

variable 𝑋 ∼ Poisson 𝜆 and 

the sample (0, 0, 2, 5, 3, 1). 

Determine a maximum

likelihood estimate of 𝜆.



MAXIMUM LIKELIHOOD
METHOD: EXAMPLE 2

Consider the random

variable 𝑋 ∼ Exp λ and

the sample (1.2, 0.5, 3). 

Determine a maximum

likelihood estimate of λ.



MAXIMUM LIKELIHOOD
METHOD: EXAMPLE 2

Consider the random

variable 𝑋 ∼ Exp λ and

the sample (1.2, 0.5, 3). 

Determine a maximum

likelihood estimate of λ.



MAXIMUM LIKELIHOOD
METHOD: EXAMPLE 2

Consider the random

variable 𝑋 ∼ Exp λ and

the sample (1.2, 0.5, 3). 

Determine a maximum

likelihood estimate of λ.
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INVARIANCE PROPERTY OF 
MAXIMUM LIKELIHOOD ESTIMATORS 

ሶ𝜃 𝑖𝑠 𝑀𝐿𝐸 𝑜𝑓 𝜃 𝑔 ሶ𝜃 𝑖𝑠 𝑀𝐿𝐸 𝑜𝑓𝑔 𝜃

Example
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INVARIANCE PROPERTY OF MAXIMUM 
LIKELIHOOD ESTIMATORS: EXAMPLES
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COMPARISON BETWEEN THE 
METHOD OF MOMENTS AND 
MAXIMUM LIKELIHOOD ESTIMATORS

Method
Method of Moments

(MM)

Maximum Likelihood

Method (MLM)

Basic idea
Equate sample moments 

with population moments

Maximize the likelihood 

function

Computation Usually simpler Often more complex

Statistical properties May not always be efficient
Often efficient and 

consistent

Use in practice Useful for quick estimation Very widely used in statistics

Invariance property
Does not generally satisfy 

invariance

Satisfies the invariance

property



LECTURE 11 HOMEWORK: 
QUESTIONS



EXERCISE 1 A), B) AND C) 

Murteira (2015), Chapter 7



EXERCISE 5

Murteira (2015), Chapter 7



EXERCISE 1: MLM 

Let 𝑋1, … , 𝑋𝑛be a random sample from a Normal 

distribution with parameters 𝜇 and 𝜎. Estimate the

parameters using the maximum likelihood method.



THANKS!
Questions?
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